EXTENSION PROBLEM FOR QUASI ADDITIVE SET
FUNCTIONS AND RADON-NIKODYM DERIVATIVES

BY
LAMBERTO CESARI(Y)

Introduction. In the preceding paper [1] we have introduced by means of
axioms a concept of quasi additive vector-valued set functions ¢(I)
=(¢1, - - -, ¢) ina class {I} of sets I of a space 4, a concept of mesh §(D)
of certain finite collections D of sets I, and we have shown that an integral
8(f, T, ¢) of a function f(p, ¢) over a variety T: p=p(w), wE A, with respect
to the quasi additive set function ¢(I), can be obtained by a standard process
of limit over quasi additive set functions as 6(D)—0. Here f(p, ¢), pEE.,
g€ Ey, is a function with f(p, tq) =tf(p, g) for all £ 20, satisfying usual hypoth-
eses of continuity.

In the present paper, we discuss the problem of extension of quasi addi-
tive set functions ¢, ¢, ||¢||, l¢,] , &, @7 into measures v, vy, U, fy, i, g7 in
4, and consequent representation theorem for the integral .

First the axioms underlying quasi additive set functions and mesh are
reworded (§1) in such a way to take into account the sets G of a given class
® of “open” sets of A. Then a first extension of the functions ¢, ¢, ||¢||, etc.,
is made into the class ® of open sets G (§2). It is shown by examples that, in
the present generality, the extension, say V of ¢” , does not satisfy necessar-
ily simple expected properties as V(D_G:) < 2_V(G:) and others. Neverthe-
less, the addition of further and very natural axioms allows to prove some of
these properties as theorems. Finally (§3), by a further slight reinforcement
of the same axioms, we prove that the extensions v, v,, u, g, ut, g7 in the
minimum o-ring B of sets BC A, B containing ©, are measures, and that
v,=vit—v;7, r=1, - - -, k, are the Jordan decompositions of the measures
pr=pt+pr, ie., vt =pt, v =ur. Since the measures », are absolutely continu-
ous withrespect tou, the Radon-Nikodym derivatives 8, =dv,/du,r=1, - - - |k,
exist u-almost everywhere in 4, and it is proved that ||0” =1,0=(0y, - - - ,0c),
u-almost everywhere in 4 (§5). Finally, it is proved (§6) that the integral
& admits of the following integral representation

AT, ¢) = j;f[p(w), 0(w) |du.

The present paper extends to all integrals & results proved in [3] for the
analogous integrals of surface area theory.
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1. Quasi additive set functions. Let 4 be a set, { I} a collection of subsets
I of A which we will denote as “intervals,” @ a collection of subsets G of 4
which we will denote as “open” sets of 4. We shall suppose that AE@.

Let D= {D} be a family of finite systems D of sets IC{I}, i.e., D=[I]
=|[I, - - -, I,]. For any nonempty set GE® and D= [I]|ED, let D¢ denote
the subset of all ITED which are completely contained in G; i.e., Dg
= [I,IED, ICG]. Finally, let D¢ denote the collection of all D¢ obtained by
systems DED. We shall suppose that

(by) either (b)) any two sets I, JED g, DeEDa, are disjoint, or (by) A is
a topological space and any two sets I, JED g, DeEDg, are nonover-
lapping;

(by) For every nonempty GE® the collection D g is nonempty; i.e., there are
systems DED, D= [I), such that ICG for some ICD.

Let (D¢, G) be a function (mesk) defined for every D ¢ED g and GE satis-
fying the following axioms:

(d1) 0<8(Dg, G) < = for every DeEDy;

(dy) given ¢ >0 and GE O, G # J, there are systems Dg € Dg with
0<d6(Dg, G) <€

(ds) given 7>0 and any nonempty GE®, there is a number v=v(r, G) >0
such that, for every system DD with (D, A) <v we have §(Dg, G) <t
and D g is nonempty.

Axioms (by), (d1), (dz) are analogous to the ones proposed in [1] where 4
was the only set G; axioms (b;), (ds) establish a relation between the sets
G and A. For the sake of simplicity, we shall often denote by D instead of
Dg any system DgEDg.

Leto(I)=(r, -+ -, ¢x), IE {I } , be any real vector set function defined
for every IE€ {I}.

We shall say that ¢(I), IE { I } , is quasi additive, with respect to the mesh
8(D, G) and the families {I}, ®, D, provided (¢) given ¢>0 and GEG,
there is a number n=7(e; G)>0 such that, if Dyg=[I] is any system in
De with 6(Dyg, G) <7, then there is also a number A=2A(¢, Dyg, G) >0 such
that, for every system Dg=[J], D¢EDg, with §(Dg, G) <\, we have

@) > || Z o) - o <

IeDg Il JeI
(¢2) el < &

where Y’ ranges over all JED g not completely contained in any I&E Dyg.
We shall denote by S(¢, D¢) the sums

S(¢, Do) = 2, o).

IeDg
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If m is any real number, let m*, m— be, as usual, the numbers m*
= (lml +m)/2, mm= (|m| —m)/2.

We shall say that a scalar vector function ¢(I), I€ {I }, is quasi subadd;i-
tive provided the statement () holds which is analogous to (¢) where (¢1),
(¢2), are replaced by the single relation

W) > [ > w0 — v/a)]_ <e
1eDg L Jer

As a consequence of [1, 3.iv] we have now
(1.1) Under hypotheses (¢), (b), (d) and for every GE® the limits exist

%(G) = %(d’: G) = lim S(d” DG)’ B = (%l: ) %k),
3(DG)—0

B,(G) = B(¢r, G) = lim S(¢y, Dg), — o <P, <+ x,
5(D@)—0

V&) =v(l¢l,6) = lim S|4, Do), 0SV S+,
3(DG)—0

ViG) = V(| ¢:|,6) = lim S(|¢.|, Da), 0=V, <+ o,
§(D@)—0
8(D@)—0

Vi(G) = V(¢r, G) = lim S(¢7, Dg), 0 Vi £+ ,
3(D@)—0

where DgEDg, GEG, and r=1, - - - | k.

We shall denote by V(l|¢“ G) the total variation of ¢ with respect to G
(or in G), while V(]|¢||, 4) is the total variation of ¢ in the whole space 4,
(or simply the total variation of ¢). As a consequence of [1, 3.v] we have

(1.1i) Under the same hypotheses as in (1.1), and V(A) <+ «, we have
VHG) — Vi(G) = B.(G6),
VH(G) + Vi (G) = V.(G),
| 8.(6)| =V.6) £ V(0),

ko, 1/2 koo, 172 k
8@ = [ 2 %«G)] = [Z V,(c)] S V(G) £ 2 V.G).
r=1 r=1 =]

Note that the limits above are determined by means of the collection D¢
of systems D¢, and the collection D¢ is thought of as partially ordered ac-
cording to 8(Dg, G) decreasing.

Note that, given 7>0 arbitrary and any GE®, there is a number
v=v(r, G)>0 with properties stated in (di). Thus, for any DED with
o(D, A) <w, the corresponding system D ¢ & D ¢gisnonempty, and (D¢, G) <.
Thus, as a consequence of (ds), the limits (1.i) can be determined also by
means of the same collection D¢ of systems D= [IED, ICG, DED], where
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this collection is partially ordered according to 6(D, 4) decreasing. In other
words, we have

(1.ii1) B(G) =B(¢, G) =limsp, 4).0 S(@, D¢), and analogous relations hold
for &, [l#ll, ||, 87 o7

(Liv) If GiCGs, Gi, G2 E®, then V(Gy) £ V(Gy). In particular V(G) £ V(4)
for every GE®. Analogous relations hold for V,, VF, Vi,

Proof. Take r=1in (d;) and let v =min (v, »5), vi=v(1,G;),2=1, 2. Then,
forall DED, with 6(D, 4) <v, the corresponding systems D;=D ¢, CD,1=1,2,
are not empty and D, CD,. Hence, S(||¢||, D1) £S(|¢||, D). As §(D, A)—0 the
corresponding sums approach V(G:) and V(G:) respectively. Hence V(G1)
< V(G.). Analogously for the other relations.

As a consequence of (1.iv) we conclude that V(4) <+ « implies V(G),
Vi (G), VHG), Vi(G)<+ = for all GE®, r=1, - - -, k. As a consequence
of (1.iii) and of [1, 3.vi, vii] we have

(1.v) Under the same hypotheses as in (1.i), and-V(4) < + », all functions
¢, o, l|¢>l|, ., O, ¢ are quasi additive with respect to d and D in any GEG.
Also, given GE® and €>0, there is a u=pu(e, G) >0 such that

1S, Do) — BB <e¢ | S(¢ll, De) — V(G)| <

for every DeEDg with 8(Dg, G) <, and analogous relations hold for V.,
V¥ Vi, r=1, .-, k. Inaddition, if Dyg, Dea©&Dg, §(Dog, G) <u(e, G), there
is a N=N(¢, Dog, G) >0 such that for any system D g with §(D g, G) <\ we have

ZIE®e0) ol <& Z'lle0ll <«
2| Z sl - lle@ | <«

where  r ranges over all IEDyg, ) over all JEDg with JCI, and '
ranges over all JEDg, JQI for any I& Dyg.
2. Connections with a topology in 4. We shall now suppose that

(a) A isa topological space; \1 is the collection of all open sets of A, and & is
a subcollection of open sets of A containing A; hence N s closed with
respect to infinite union and finite intersection, FEC U, ACU, and
OCU, AEDY (S the empty set).

Also, from now on, under hypothesis (b) of §1 we shall understand (by)
and (by), and the same convention is made for (d) and (¢).
Suppose that all hypotheses (a), (b), (d), (¢) hold and, in addition, that

(c) Each set IC{I} is connected.

If & is the collection of all closed sets K CA4,i.e. = [K, A —K&U], then
the collection & is closed with respect to the operation of infinite intersection
and finite union. The closure M of a set M C A is the intersection of all closed
sets KD M. As a consequence, if G1, G:C®, GiN\Gy= &, then GiNGy=GiNG,
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= . Indeed M=A4—G, is closed, MDG,, and GiC M; hence GiN\G.=J,
and for the same reason GiN\G;= J.

Note that if I=U; G;, G:N\Gj=,i#j,4,j=1,2, - - - ,and IE {I}, then
ICG; for one and only one 4, as a consequence of (c). Suppose indeed ING;
#&, ING;# for some i7j. Let G'=UG:, where U ranges over all
k=1,2, - .., k5#j, and note that G'EW, G;NG' =, ING;#F, ING' =,
and now (ING;, ING') is a partition of I. Indeed (ING;)\J(ING’)=1,
ING)Y)NUING )=, CIING)NUING)=g, ING)NCIING)=4.
This contradicts (c). Hence ING;= & for at most one 4. Since I CU; G;, we
conclude that T CG; for one and only one 7.

(2.1) Under hypotheses (a), (b), (c), (d), (¢), and V(A4) <+ =, for every se-
quence (finite, or countable) of sets G;E® with Go=U; G;€O, G:NG;=,
1, j=1,2, -, 15%], we have

B(Go) = 2 BG),  V(Go) = L V(G
and analogous relations hold for V,, Vi, Vo, r=1,--- k.

Proof. Suppose first that the sequence G;, =1, - - -, N, is finite. Let us
consider the numbers »;=»(1, G,), ©=0, 1, - - -, N, defined in (d;), and put
v=min [v, v, + + -, v]. Then, for every DED with §(D, 4) <», the cor-
responding systems D;=Dg,CD, i=1, - - -, N, are nonempty, disjoint, and
Dy=D,\UD,U - - - UDy. Hence

S(¢, Do) = D S(¢, D).

tm=1

By (1.iii) as 8(D, 4)—0, we obtain

N
B(Go) = 2 B(G).
=1
Analogous reasoning holds for V, V,, Vi, Vo, r=1,- - k.

Suppose now that the sequence G;, 1=1, 2, - - -, is infinite. Given ¢>0,
let u=u(e, Go) be the number defined in (1.v). Let v=v(u, Go). If D is any
system D= [I]€D with (D, A)<w, then, for the corresponding system
Do=Dg,CD we have

8(Do, Go) < u,

H%(Go - T o <6 ‘V(Go)— > o]l | <

IcG, Ic@G,

2.1)

and analogous relations hold for V,, Vi, V. If we denote by D, D, also the
set covered by all IED, or IED,, we have DyCGo=U; G;. Since each IED,
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belongs to a well determined set G;, and D, s finite, we have Do CG,\\JG,\J - - -
UGy for a well determined minimum N=1.

Let A=XA(¢, Dy, Go) >0 be the number defined in (1.v) and, for any =N,
let us=u(e/n, G), i=1, - - -, n. Let vo=v(\, Go), vi=v(u;, Gi), 1=1, - - - , n,
and vi=min [y, ¥y, v1, - - -, va]. If D'=[J] is any system D'ED with
8(D', A)<wy, then for the corresponding systems DJ =Dy CD’, D! =D,
CD,’ we have DO' CGOy DO, CGiy 8(D0,y GO) <x! 6(Dt,r Gt) < psy 1'=1l (2
and each JED{ belongs to one and only one G;, 1=1, : - -, #’, n’ 2n, and
hence to DJ =D{\UD;\J - - . \UD}. In addition, we have

(2.2) X e -] <e > el <
Ic@ Jel JcG@uJ¢l
2.3) BG) - X ¢<J>” < o/n, is1,-0,m
Jc-@;
and finally
BG) — 3 BG) = {%(Go) - ¥ ¢<I>} > [Z‘, o) — ¢<1>]
tm=l Ic@, Ic@y Jecl

20 o0) + 2 Z o0 - 860 ],

t=1 Jc Gy

where _* ranges over all JED}, with JCG,, J{I for any IED, J CG;
for some 1 <4<n. Thus Y_*is less inclusive than the second sum in (2.2). By
virtue of (2.1) and (2.2), (2.3), we have

“ B(Gy) — :lezs(c.) “ < 4e

for all n= N. Thus, the series below is convergent and

B(Go) = 2. B(G)).
t=1
Analogous proof holds for V. Hence
V(Go) = 2, V(Gy)
t=1

where this series is convergent, and hence the previous one is absolutely

convergent. The same reasoning holds for V,, V}, Vo, r=1,2,. .-, k.
We shall now consider the following requirements:
Hy) If G:€60,:i=1,2, - - - ,and G;i—J as i— =, then V(Gi)—0 as i—x,

and analogous relations hold for B, V,, VF, V.



120 LAMBERTO CESARI [January

(Hz) If Go, Gie@, 1:=1, 2, vy, G.‘CG.‘.H, G;-—>Go as 1:-—*00, then V(G,)
—V(Gy) as 1— «, and analogous relations hold for B, V,, Vi, Vi.
Hy) If Gi€®,i=1,2, - - - ,and G=U; G;€®, G\\J - - - UG.E for all

n, then V(G) £ X.: V(G), and analogous relations hold for V,, V¥, V.

Neither of these requirements is a consequence of the quasi additivity of
the function ¢ and of the general hypotheses. This can be seen by examples.

Suppose first 4= (0<u<1), {I } the collection of all open subintervals
of A,say I=(a<u<b),0=a<b=1, D the family of all finite systems D= [I]
of nonoverlapping intervals I, @ the collection of all open subsets G of 4.
Now suppose ¢ a scalar, () =1if I=(0,5),0<b=1,and ¢(I)=01if I =(a,b),
0<a<b=1. A mesh (D¢, G) for Dg=[I], I=(a, b) CG, can be defined as
follows. If G contains no interval (0, b), b > 0, then we take 8(Dg¢, G)
=max (b—a). If both G and D¢ contain intervals (0, b), (0, b’) respectively,
0<bd’' b, then we take again §(D ¢, G) =max (b—a). If G contains an interval
(0, b), b>0, and D¢ contains no interval (0, b’"), 0<b'<b, then we take
(D¢, G)=1+max (b—a). Obviously, 6 is a mesh satisfying axioms (d), ¢ is
quasi additive with respect to 8, {I}, ®, D, and requirements (a), (b), (c)
are satisfied. Now we have ][¢H =¢, V(p, A)=1, V(¢, G)=1if G contains an
interval (0, b), >0, and V(¢, G) =0 otherwise. If we consider the sequence
Gi=(0,1/7),i=1,2, - - -, we have V(¢, G;) =1 for all ¢, though lim G;= .
Thus (H,) is not satisfied. If we consider the sequence G;=(1/%, 1), we have
G=U;G;=(0, 1), and V(¢p, G)=1, V(¢, Gi)=0 for all 4. Thus (H;) is not
satisfied. We have also G;CG;;1, Gi—G, and thus (H,) is not satisfied.

As a second example let us consider the one given in [2, Note, p. 400].
There, A is the closed unit square 4 CE,, {I } is the set of all simple closed
polygonal regions in 4, ® the collection of all finite systems D = [I] of non-
overlapping IE€ {1}, ® the collection of all sets GC A which are open in 4,
¢(I) is the scalar function u(J) representing the signed area of the (flat)
continuous mapping T: A—E{ defined there. For any set GE® and finite
system D= [I] of nonoverlapping closed simple polygonal regions I CG, let
d, m, u be the indices of D with respect to the mapping (7T, G) defined in
[2, p. 358], then 6=d+m+u is a mesh satisfying axioms (d), and ¢ is quasi
additive with respect to §, {I}, ®, D, as mentioned in [1, §4, Example 12].
Now we have |1¢|l = ]¢ ] ,and Vis the Gedcze area of the mapping 7. As shown
in [2, Note, p. 400], (H;) is not satisfied (not even for a system of two sets
G,).

The following further axiom would allow us to state (H;) asa theorem (see
2.1ii below):

(e) Given any two distinct sets Gi, G:E®, GiNG# &, and Go=G1\IG,, and
any I={I}, ICGo, with INGi=&, ING:=(, there is a number
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x=x(I, Gy, G3) >0 such that for any system Dg,=[J], D¢,EDag, with
0(D g,y Go) <X, and for any JED g, with J CI we have either JCG,, or
J CGa, or both(?).

(2.i1) The hypotheses (a), (b), (c), (d), (e), (¢), and V(4) < o imply V(G)
SV(GY)+ - - - +V(Gw) forall G;E®,i=1, - - -, N, withG,\\J - - - UG,E®
foralln=1, - - -, N, G=UG;, and analogous relations hold for V,, Vi, Vr.

Proof. Let us suppose first that we have two sets Gi, G:E® with GiN\G,
# &,and Go=G1\JG.E@. Given e>0let us determine the numbers u; = u(e, G)
of (1.v), =0, 1, 2. Then let us determine the numbers »;=»(uj, G;), =0, 1, 2,
of (ds). Finally, let Do=[I] be any system Dy&® such that 6(D,, A)
<min [v;, j=0, 1, 2]. Then the corresponding systems Dyj=Dy,CD, of all
I€D, with ICGj, j=0, 1, 2, satisfy the relations

8(Dvj, Gj) < pj,
(2.4)
V(G,) — IZ lleD|| < & j=01,2.

cG;

Now let us determine the numbers N\;=\(e, Do;, G;) of (1.v) and the cor-
responding numbers v/’ =v(\;, G,), j=0, 1, 2, of (d;). Also, for every I CDyo
(i.e., ICGo, IED,), with ING:1# &, ING,# & (if any), let us determine the
number xr=x(Z, G1, G:) of (e). Let x =min x; for all I as above, if this class is
not empty; otherwise put x = 1. Finally, let us determine the number
V”’=I/(x, Go) of (ds)

Let D= [J] beany system DED with §(D, 4) <min [v;,»}’,»'"",j=0,1,2].
Then the corresponding systems D;=D¢,CD of all JED with JCG;,
j=0, 1, 2, satisfy the relations:

8(D;, Gj) < Nj, mj 8(D,, Go) < x,
(2.9) 2 | Z el - ll¢(1>|l| <e
1c@; | JeI
(2.6) ‘V(Gj) = 2 el <« i=0,1,2

JcG;j

By (D¢, Go) <x we conclude by virtue of (e) that, for every J&Dg,, JCI
for some I CGo, IE Dy, we have either JCGi, or JCG,, or both. Hence, the
following identity holds:

(?) Statement (e) and consequent statement (Hs) are actually proved in surface area theory,
when (@) is the collection of all subsets of 4 which are “whole” and open in 4 (see [2, pp. 396
400, and in particular p. 399]). The same holds for (H:) [2, p. 396], for (H,) [2, p. 120] and the
other axioms.
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V(Gy) + V(G2) — V(Go)

=[WG%—EHMM@+[W®%3Z”“MG

Jec@Gy cGs

+ X me+JE MM+JE o]

Je@NGyJcI c@uJ¢l cGqyJ¢I

+ = [ Zlowll = lool ]+ [ = o] - veco]

Ic@Gy JeI

=m+m+ -+ m.

By (2.4), (2.6) we have my, m,, m:= —e¢, and obviously m;, me, ms=0.
By (2.5) we have mg= —e. Thus V(G1)+ V(G:) — V(Go) = — 7€ where €>0 is
arbitrary. Thus

V(G) + V(G2) — V(Go) 2 0,

for all Gi, G:E€®, Go=GI\JG,EY, with GiNG.# . By (2.i) this relation
holds also if GiN\G:=&. Thus

(2.8) V(G1\Y G2) < V(Gy) + V(G2)
for all G,, G.€®, with G\\UG.ES.
If G, - - -, GNE® are given sets, as in (2.ii), 2SN < + =, then by apply-

ing (2.8) N —1 times to the pairs (G, Gi), (G1\YGs, Gs), - -,
(G\\VJ - - - UGn, Gw), we conclude that

(2.9) V(GIJ G\ -+ - UGy) SV(G) + - -+ + V(Gw)

for all Gy, - - -+, GNE®, 2SEN< », as in (2.ii). The corresponding relations
for V,, Vi, Vi follow by analogous argument.

(2.iii) The hypotheses (a), (b), (c), (d), (e), (¢), (He), and V(4) <+,
imply (Hs;).

LetG;,i=1,2, - - -, be any sequence of sets G;€®, with H,=U}., G;:€E,
n=1,2, -, Go= 2.1, Gi, GoE®. Then we have H,C Hny1, H.>G, as
n— o, Thus, by (H:), we have V(H,)—V(G,) as n—x and, given ¢>0
there is an 7, such that 0= V(Go) — V(H,) <e for all #=n,. On the other
hand we have, by the considerations above, V(H,) S V(G)+ - - - +V(G,)
and V(G;)=0,7=1,2, - - -. Thus

V(G) S V(H) +eS VG + - + V(G +e
<Sve)+s

for every €>0, and hence
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V(Go) £ X V(Gy).
fma]
The corresponding relations for V,, V;}, Vi follow by an analogous argument.
Thereby (2.iii) is proved.
The following further axiom would allow us to state (H;) as a theorem.

() The sets IE {1} are compact (in the topological space A with topology 11).

(2.iv) The hypotheses (a), (b), (c), (d), (e), (&), (¢), and V(4)<+,
imply (H,).

Proof. Given €>0, let us determine the number u=pu(e, Go) of (1.v). Then
let us determine the number »=»(u, Go) of (ds). Let Do= [I] be any system
D,ED such that §(Dy, 4) <v. Then the corresponding system Do, C D, of all
IE€D, with I CG, satisfies the relations

(2.10) 8(Dos, Go) <, |V(Go) — 2 [leDl| < e,

IcGy

and analogous relations for B, V,, Vi, Vr.

Since the set Dy covered by the sets I &€ Dy, I CGois compact and Dy CGo,
while G;—G, as i— =, there is an # such that Dy CG; for all £=n. Thus the
set Dy; of all TED, with ICG; coincides with Doo, say Do;=Dgyo. For any
fixed 4=, let us consider the numbers u;=u(e, G;), and put v;=»(u;, G;). Let
A=X(¢, Do, Go), \i=\(¢, Dy;, G;) be the numbers defined in (1.v), and put
c=v(\, Go), o:=v(\;, G,). Finally, let D=[J] be any system DED with
8(D, A)<min [v, »;, o, ¢;]. Then the corresponding system D;CD of all
JED with JCG; satisfies the relations 8(D;, G;) <u:, N, and

{V(Go— S lsolll <6 vy - = llell| <

JecGy Jc@;

@1 T | Tl - lsoll| < = el <a
IcGy | JecI JeGgJ¢I

= | = Il - | <« = Jewll <«
IcG; | Jer JcGud¢l

Note that the first sum in the third line is equal to the first sum in the
second line, and the second sum in the third line is < the second sum in the
second line. Analogous relations hold for ¢, ¢,, |¢,| , o, b7, r=1,---, k.
Note that, as a consequence, we have also

> () ” < ¢, etc.

JCGo:J¢ G;

(2.12) 2 e <e

TGyl ¢G5

Since
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V(Go) — V(G) = [V(Go) > ll¢(1>|l] - [V(G.') - JE ll¢<f)ll]

Jc@Gy c@;

+ X el

JeGuT¢G;
by (2.11) we have also
0=SV(Go) —V(G;) S e+ e+ €= 3e.

This relation holds for all 4=#, and this proves that V(G;)— V(G,) as i— .

3. A measure u associated to ¢. We recall first a few definitions. A col-
lection ¥ of subsets E of A is said to be a ring if E, FC¥ implies E\JF,
E—F&¥; an algebra if % is a ring and 4 EY; a o-ring (c-algebra) if A is a
ring (algebra) and E;€¥,7=1,2, - - - ,impliesU; E;€ Y. A o-ring (s-algebra)
is closed with respect to the operations of countable union and countable
intersection [4, p. 24]. A ring contains the empty set .

A collection U of subsets E of 4 is said to be hereditary if ECF,FEY
implies EE . A real-valued set function m(E), EE¥, defined on every set
of a collection U of subsets of 4 is said to be monotone if ECF,E, FEY,
imply m(E) <m(F), is said to be countably subadditive if E;€¥, i=1, 2,

-+, U; E;€4 imply m(U; E,) £ X m(Ey).

A set function defined on ¥ is said to be an outer measure provided A
is a hereditary o-ring, if m() =0, and m is real-valued, nonnegative, mono-
tone, and countably subadditive.

We shall now suppose that a hypothesis stronger than (a) holds, namely:

(@) A is a topological space, W is the collection of all open sets of A, ® is a
subcollection of W1 which is also closed with respect to the operations of
infinite union and finite intersection, and FE®, A€ .

We suppose, as in §2, that also hypotheses (b), (d), (c), (¢) hold. Note
that now ® defines a topology in 4, ® CU. Let B be the minimal o-algebra
containing &, and M the hereditary o-algebra of all subsets M of 4. Thus
GCBCI.

For every set M &It we define the following nonnegative set functions
w(M) = Inf V(G), w(M) = Inf V.(G),
(3 1) G->M GoM
‘ pH(M) = Inf VHG), w(M)= Inf Vi(G), r=1,--,k
GoM G-M

where, in each relation, the infimum is taken with respect toall GO M, GE®.
If V(4) <+ o, then u, w,, ut, ur <+ for all MEM, and we can define
the following real-valued set functions:

(3.2) ve(M) = uH(M) — pur (M), r=1,--,k
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We shall denote by »(M) the vector set function
W(M) = [n(M), - - -, w(M)].

(3.1) Under the hypotheses (a'), (b), (c), (d), (¢), and for every set M &M,
there is a sequence G;, 1=1,2, - - -, of sets G;E®, G;2OM,1=1,2, - - -, such
that V(G:)—u(M), Vi(Gi)—u(M), VF(Gi)—uH (M), Vi(G)—ur (M) asi—,
and, if V(4) <+ «, also B(G;)—v, (M), r=1, - -, k.

Proof. Note that if G;, G!, i=1, 2, - - -, are sequences of sets G;, G{ €®
and M CG/! CGs, V(G;)—u(M), then also V(G!)—u(M), as a consequence of
w(M) £ V(G!) £ V(G:) (1.iv). The same holds for the other functions u,, u,
w, r=1, -, k Now, if G, Gn, G, G, 1=1, 2, - - -, are sequences of
sets of ® all containing M such that V(Ge:)—u(M), V(G.)—u.(M), V(GE)
—ut (M), V(G7)—ur (M) as +—w, r=1, - - -, k, we have only to consider
the sequence Gy, 1=1, 2, - - -, defined by taking for each i, the set G; which
is the intersection of the sets Go;, Gy, Gff, G, r=1, - - - , k.

(3.i1) Under the same hypotheses as in (3.1) and for every set M &M we have
(3.3 w(M) = pHM) + ur(M), r=1---,k
Proof. If G;, t=1, 2, - - -, is the sequence defined above we have V,.(G,)
=VHG)+ V7 (Gy), i=1, 2, - - -, (L.ii). As i— », we obtain (3.3).
(3.iii) Under the same hypotheses as in (3.1) and V(4) <+ o, for every
MeEM, we have
|70 | = w (M) = w(h), r=1,--,k

k

[lv(ar)| = [ ) vf(M)] " [ g J,(M)] " <u0n s 3 w0,

r=1 re=l

This statement is a consequence of (1.ii) and (3.i), (3.2), (3.3).

(3.iv) Under the same hypotheses as in (3.1) and for every GE® we have
w(G) =V (G), and analogous relations hold for u,, pt, ur, r=1,---, k. If
V(4) <+ « we have also v(G) = B(G).

Indeed for every UDG, UE®, we have. V(U) 2 V(G), and thus V(G) is
the minimum of V(U) for all UDG, UE®.

(3.v) Under the hypotheses (a'), (b), (c), (d), (¢), and (H,) we have u(&)
=p(D) =uH (D) =ur (Z)=0,7r=1,2, - - -, k, where & is the empty set.

This statement is a consequence of (Hy).

(3.vi) Under the hypotheses (a’), (b), (c), (d), (¢), (H),and V(A) <+ « the
set functions w, pe, ut, ur are outer measures in M.



126 LAMBERTO CESARI (January

Proof. Obviously u(E) 20 for every EEI, and u(F)=0. Also, M is a
hereditary o-ring. If E, FEM, ECF, then any set GE®, GDF, contains
also E and, if G; is any sequence of sets G;E€®, G;DE, i=1, 2, - - -, with
V(G:)—u(E), then we have also GNG;E®, ECGNG:CG, V(GNG:) = V(G),
and hence, as +—+ %, we obtain u(E) < V(G) for every GE®, GDF. Since
Inf V(G) =u(F), we have u(E) Su(F), and u is monotone. The same holds
for the other functions.

If E;, i=1, 2, - - -, is any sequence of sets E;EI, then we have E,
=U; E;EM. Given €>0, there is a set G;€®, G;DE;, such that u(E,)
S V(G;) Su(E;)+¢/2¢ Note that Go=U; G;€®, ECG,, and by (H;) also

0

W(E) S V() < 2 VG) S 5 w(E) + e

=1 =1
where €>0 is arbitrary. Hence
w(B) = 2 w(E),
g1

and u is countably subadditive. Thus u is an outer measure in . Analogous
reasoning holds for u,, pt, p7, r=1, - - - | k, and (3.vi) is proved.

As usual a set EEM is said to be u-measurable provided for every set
ME& I we have

(3.4) (M) = u(M N E) + u(M — E).
Analogous definitions hold for all outer measures y,, pt, ur, r=1,2, - - - , k.
(3.vii) The collection €, of all u-measurable sets MEM is a o-ring.

This is a well-known theorem (see, e.g. [4, p. 46]). The same holds for the
collections G,,, G, +, €, - of all u,, u, ur-measurable sets M EIN.

We need now two simple lemmas (3.viii, ix) whose proofs are given here
for the sake of simplicity, though they appear in a slightly different context in
[4, p. 45, p. 234].

(3.viii) A necessary and sufficient condition for a set ECIN to be u-measura-
ble is that for every M S I we have

3.5) (M) 2 (M N E) + u(M — E).
Proof. Indeed M =(MNE)\J(M —E) and by (3.vi) also
uw(M) £ u(M N E) + u(M — E).

Thus we have
uw(M) = u(M N E) + u(M — E)

if and only if (3.5) holds.
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(3.ix) A necessary and sufficient condition for a set EC I to be u-measurable
is that for every UC® we have

(3.6) w(U) 2 u(UNE) + u(U — E).
Proof. Suppose E is u-measurable. Then
uw(M) = u(M N E) + (M — E)

for every MEM, hence for every M=UE®, and this certainly implies
(3.6). Suppose (3.6) is true for every UE®, and take MEM, and G,E®
with GoD M. Then

V(Go) = u(Go) 2 p(GoN E) + u(Go — E) 2 u(M N E) + u(M — E),

and, since u(M) =Inf V(G,), we conclude that u(M) Zu(MNE)+u(M—E),
and this relation is proved for every M &I, By (3.viii) we conclude that E is
measurable.

The requirement (H) of §2, i.e., the union of axioms (H;), (Hy), (Hj), is
now to be replaced by a slightly stronger assumption, say (H’), namely the
union of (H,), (H;), (H;), and

(Hy) Given GoEO, there is a sequence G;,1=1,2, - - -, of sets G;E®, such
that, if G; denotes the closure of G, in the topology &, we have G:iCGy,
GiCGiCGiy, and V(G;)—V(Go) as i— », and analogous relations
hold for B, V,, Vi, Vo, r=1, .+ k.

Note that the requirements alone G;€®, G;CGo, GiCG:CGiy, are
trivial since the sequence G;=&, i=1, 2, - - -, satisfy them. The following
axiom, also bearing on the topology ®, allows us to prove (H,) asa theorem:

(p) Given GyE® there is a sequence G, 1=1, 2, - - -, such that G;E®,
G:CGo, GiCGiCGip1, and Gi—Go as i—».

It is obvious that (H;) and (p) imply (H,). Requirement (p) is known in
general topology (cf. [6; 7; 8]). The union of (H:) and (p) is a stronger re-
quirement than (Hy) as T. Nishiura [10] has proved by an example.

(3.x) Under the assumptions (a’), (b), (c), (d), (H'), and V(4) <+ =, all
sets B of the o-algebra B are u-measurable as well as p,, pit, ur-measurable. In
other words, the restrictions of u, pe, pt, i, r=1, - - - , k, on B are all measures.

Proof. It is enough to prove that all the sets G of the class @ generating
B are measurable. By (3.ix) it is enough to prove that for every US® and
any GE® we have u(U) Z2u(UNG) +u(U—G). Note that U, UNGEY, and
thus we have only to prove that V(U) = V(UNG)+u(U—-G).

By virtue of (H,) there is a sequence of sets G,E®, n=1, 2, - - -, such
that G, CUNG, GoCGrCGay1, V(G.)—V(UNG).
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Given €>0 and any integer #,let u=u(e, U), un=u(e, G»), and v=v(u, U),
Vo=V (tin, G»). Let Do= [I] be any system DED with §(D) <min [v, »,]. Then
for the corresponding systems Do=Dy, D,=D g, we have

8(Do, U) < , 8( Dy, Gy) < pay
3.7) (Do, U) < ( ) <um

v - T el <o 7@ - T sl <
IcU IcG, -

Let us consider the sets Cl (U—G) and G, where the closures are taken in
the topology ®. On one side, if a point w belongs to Cl (U—G), then it must
be in 4 —G, i.e., Cl (U—G) CA4 —G. On the other hand, G, CUNGCG, and
hence the closed sets Cl (U—G) and G, are disjoint. Let W,E® be a set with
W.DU—-G, WaNG,=Z. For instance, A —G, has this property. Since
UDU-G,wehavealso W,N\NUDU—-G, W,.N\UNG,= &, where W.,NUEG.

Let A\=\(¢, Do, U), N\n=N(¢, D, Gu), po=p(e, W U), vo=v(uo, WaNU),
v=v(\, U), ¥»=v(\n, G,), and let D’ = [J] be any system D' €D with §(D’, 4)
<min [p, ¥a, »o]. Then for the corresponding systems D{ =D}, D! =Dg,,
D'=Dw,qv, we have

= | S ol -lewl|<e T | E el - Il <«
3.8
>o > el <o > el <o
JcUJ¢I JcGpiJ¢I

VW.NTU) - X U|I¢(J)|l ‘ <e

Jew,N

ww—gwwﬂ«,

We have now
V) z X lleW)] — e
JcU

2 X el + X lle@] — e
U Jc@,

Jew,N
2 X s+ Z X e —e
JecW,NU IcG, JcI

Il

V(W.N ) +[ > el = vaw.n U)]

JeW,NU

+76)+ T [ Tl -l
I JecI

cGy

+[ ool - vien] - «

Ic@,

By (3.7) and (3.8), we have
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VU) 2 VIW. N\ U) + V(G,) — de.
We have W.NUD U -G, and hence
V(U) 2 w(U — G) + V(Gn) — 4¢
and, as n— x, also
V(U) 2 w(U—-G6G)+V{UNG) — 4e.
Since €>0 is arbitrary we conclude that
V(U) 2 w(U = G) + V(UNG).

The same holds for u,, u;}, u;. Thereby (3.x) is proved. Note that the inclu-
sions G, CUNG, G, CGn CGpry, imply U—GC U—G,, where U—G,E®, and

(U=GCG)NG=&, UDW=G)IG, n=1,2,---.
Therefore, by (2.i), we have

V(U) 2 V(G.) + V(U — G,) 2 V(G,) + u(U - G),

and, as n— », also

V({U) 2 V(GNU) +w(U = G).

This argument gives a new proof of (3.x).

Note that for every set BE® the measure u(B) is the infimum of V(G)
for G&®, GDB and, by definition, u(B) =Inf V(G) for all GDB, G&®. By
(3.1), thereis a sequence G, =1, 2, - - - , with G,€®, G, DGny1, G DB, such
that u(B) =lim u(G,) as n—w. If G=lim G,=N, G,., then BCG, and u(B)
=u(G) =lim u(G.) as n—o. Now G is a Gs-set in the topology of 4 defined
by the collection ®. In the usual terminology (cf. [4, pp. 224-231]), p is
said to be a regular measure. The same holds for y,, u, u7. Thus (3.x) can
be reinforced by saying:

(3.xi) Under the same hypotheses of (3.x) the restrictions of w, ur, puF, uy in
B are all regular measures.

Finally, if we denote by v the vector-valued set function defined on I by
v=@, -, ), v»,=prf—pu-, r=1, - - -, k, we may conclude, in the termi-
nology of [4, p. 117], with the statement:

(3.xi1) Under the same hypotheses as in (3.x) the components v, of the restric-
tion of v on B are signed measures, r=1, - - - , k.

Note that for every set GE®, the vector-valued function » has the same
values as the function B defined in §1. Thus, we have extended B to the
o-algebra B in such a way that each component », is a signed measure.
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4. Jordan decomposition of the signed measures »,. It is convenient to
take into consideration the “interior part” I° of each of the sets I in the
topology defined on 4 by the collection . We shall now require a slightly
stronger version of axiom (¢) concerning quasi additivity, namely

(¢') Given GE® nonempty and €>0, there is a number n=n(e, G) such
that if Do=[I] is any system DyED ¢ with §(Do, G) <7, then there is
also a number N=X\(e, Do) >0 such that, for every system D= [TJ] with
8(D) <\ we have

(¢!) 2

IeD,
@) X' el <

where Y ranges over all JED not completely contained in any I°
I€D,.

S 60) - 60| <4

JcI®

An analogous requirement can be made for quasi subadditivity. We do not
modify the terminology since, with the new requirements, we are simply
treating the collection {I°} as the new collection {I}. Thus all statements
proved for (¢) hold also for (¢'). We will use requirement (¢’) in (4.iii). In
particular, Theorem (1.v) holds under the new hypothesis, and we shall refer
to it, as usual, in the sequel.

(4.i) Under requirements (a’), (b), (c), (d), (¢), (H), V(4) <+ «, for
eachr=1,2, - - -, k, there is a decomposition of A into two measurable disjoint
sets AF, A7, AFJA- =4, AFNA; =, such that A} is “positive,” and Ay is
negative,” i.e., for every set FE 8B we have v,(AFNF) 20, v.(A7NF) 20 (Hahn
decomposition of A relatively to v,).

This theorem is a consequence of (3.xii) and [4, p. 121].
For every set BE S let us put

4.1) vt =y (BN A}), vy = — v (BN 47), v¥ =t 4.
Then for every set BE® we have »;+20, 720, »*20, and
(4.2)  »(B) =»t(B) — ¥ (B), »*B)=v(B)+v»(B), r=1,---,k

In the terminology of [4, p. 122], v}, v;, »* are the upper, lower, and total
variations of », respectively. Note that, for every set BE 8, we have

(BN A7) = —v(BN 47) 2 0, r=1,.--,F

Note that the functions »;*, »;, »* are measures in 8 [4, p. 123]. Note that
relations (4.2) are similar to the ones
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v.(B) = pt(B) — u(B),
#r(B) = pF(B) + ur(B),
and we will prove (4.iii) that, under condition (¢'), ut=v}, ur =y, u-=v*.

Under the sole condition (¢) no identification is possible between these meas-
ures as we will show by examples. The following inequalities hold:

(4.11) Under the same hypotheses as in (4.1) we have 0 Sy Sut, 0Svi Sur,
0sv¥=su*, r=1, - k.
Proof. For every set BE®, we have
vH(B) = v (BN A%) = pH(BMN A%) — 7 (BN 4%), vH(B) = (BN 4%).
Since u;(BMNA*) 20, we have pt(BNA+) ZvF(BNAY), and finally
pt(B) = pH(BM AY) + (BN A7) 2 w(BN 4%) = »¥(B).
Analogously, we can prove that u}(BMA-) =0,
pr (BN A7) Z2 v (BN A7),  wur(B) Z v (B).
Finally, we have
w(B) — v¥(B) = [w#(B) — w*(B)] + [ur(B) — »(B)] 2 0.
We shall now use (¢’) to prove
(4.iii)) Under hypotheses (a'), (b), (c), (d), (¢'), (H), V(4) <+ «, we have
ut=v, ur=vy, pu.=v* for every set BEB and r=1, - - -, k. Thus for every

set BEDB we have pF=v,(BNAY), pr = —v(BNAT), v} =p,=p +ur, and v,
admits the Jordan decomposition v, =ut —u;.

Proof. Given r=1, - - - , k, and €¢>0, let u=pu(e, 4) be the number con-
sidered in (1.v), let Dy= [I] be any system, Dy&D, with 8(Do, A) <p, and A
the corresponding number A=XA(¢, D) of (¢'). Then we denote by G, G+, G,
the sets which are the unions of all I° with I& D, or IED,, ¢.(I) =0, or IED,,
¢.(I) <0, respectively, and where I° is taken in the topology &. Then G, G+,
G€d, GtING—=g, G'\ UG =G, and

| 2 o) — B(A)| <¢ | X]eD] = Vi(4)] <¢
| 26 —VHA) | <¢ |2 o7 ) — Vr(4)] <e

where Z ranges over all € D,, i.e., over all I°CG. Nevertheless, in the last
two sums we could just suppose that Y ranges over all IED, with I°CG+,
or I°C G~ respectively.

Let u=u(e, G), ut=pu(e, G*), u~=pu(e, G°) be the numbers defined in
(1.v) and v=v(u, G), vt=p(ut, G*),»~=v(u~, G), the corresponding numbers
defined in (ds). Let ¥ =min [\, », v+, »~], and D= [J] be any system DED
with 8(D, 4) <»'. Then we have

(4.3)
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> 6l) — BG) | < ¢ 2| = V6| <e
Jc@ Jc@
2 erU) — VHO)| < Sér) = Vi@)| < ¢
Jc@ Jc@
E+ ¢.(J) — B (GH) | < ¢ E+ |¢r(J) I — V(G| <
(4.4) Jc@ Jc@G
> e = VHGH | < ¢ > () = Vi(GH| < ¢
Jc@* JecGt
> 6J) - BG)| <e > e = VG| <6
Jec @ JcG™
> U = VHG) | < e o) = ViG] <
Jc@” Jc@G™
and also
|z o0 - ¢,<z>y<e, =] T e - |¢,<n||<e,
(4.5) ,
> > w0 - ¢,+<1)] <e S| Z 0 - 60| <
Ic@ | JeI® Ic@ | JeI®

Now, if we consider those J, I with JED, I€D,, JCI° with ¢.(J) =0,
¢.(I) 20, or ¢,(J) 20, ¢.(I) =0, we deduce from the last two inequalities

T X e —0|<g
IcGt | JeI®
2| X et - 0| <e¢
IcG | JeI®
and hence,
o (J) <¢
(4.6) J§+ )
2 ) <e
JecG

By virtue of the corresponding relations (4.4), we have
4.7 Vo (GY) < 2, VHGY) < 2e.

On the other hand, by virtue of the corresponding relations (4.4), (4.5), (4.6),
we have



1962] EXTENSION OF QUASI ADDITIVE SET FUNCTIONS 133
0 =V(4) = VH4) = Vi (4) 2 V(4) — VG — Vr(G)

=[V,(A)— > I¢,(I)|]— Z[EIZ. | 6:())] — 14»(1)1]

IcG Ic@

+ 2 (D) + X [6+0) — VHGY]

Je@* Jeat
+ ,§. $+() + I§_ [¢7 () — V7 (6]
<et+etet et et e= 6e
Thus,
0 = V.(4) — VG — Vi (G) < 6,
hence

0 = ut(4 — G*) + ur (4 — G) = uH(4) + ur (4) — G — u(G)
= V(4) — VHG) — V7 (G") < 6,
and finally
ut(4 — GY) < 6, ur(A — G) < 6e.

Let B be any set BE 8. Thus, BNG*E B, BNG~ & B. There is a sequence
gn, n=1, 2, - - -, of sets g.€G such that g,Dgs1, g.DOBNGH, Vi(ga)
Sut(BNGY), Vi(g.)—ur (BNGT). As a consequence, we have successively
gnnG-'-e@) gnnG+Dgn+lnG+r gan+DBmG+y Vt-"-(gan+)_)l-‘;|-(BnG+):
Ve(gNGH)—-u(BNGY), Vi(g.NGH)—ur(BNGY), and finally

pH(BN GY) = lim V}(g. N GY),
v (BN G*) = lim [V(g. N G*) — V(g N GY],
and also
BN GY) — v(BN GY) = lim Vi (g, N G).
Thus
0 < pH(BN GY) — wn(BNGY) = V(G
0 < pH(B) — v+(B)
pHB NG + pH(BN (4 — GY) —vHBNGY) — ¥ (BN (4 — GY)
[wH(BN GY) = v(BN GH] + » (BN GY)
+ [ (BN (4 = G9) = v (BN (4 = 69)]
SVr(GH) + (BN GY) + pH(BN (4 — GY)) = 2V7(GH) + wH(4 — GY)
< 4e + 6e = 10e.
Since €>0 is arbitrary, we conclude that u}(B) =»}(B) for every BE 3.
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Analogously, we can prove that u;(B) =v;(B). Finally, we have
I‘r(B) — ¥ (B) [ﬂ' (B) - Vr (B)] + [l‘-r (B) ";_(B)] = 0.

The last part of statement (4.iii) is now a trivial consequence of Theorem
(4.1) and relations (4.2). Thereby (4.iii) is completely proved.

REMARRK. If we replace hypothesis (¢’) by the slightly weaker hypothesis
(¢), then (4.iii) does not hold necessarily, i.e., the hypotheses (a’), (b), (c),
(d), (¢), (H), V(4) <+ » do not imply the conclusion of (4.iii). This can
be seen by the following example, which even satisfies (e) and (g).

Let A=[—1=x=<1] with the usual topology, and ® =1l be the collection
of all open sets G open in 4. Let {I}={I,.} be the collection of all closed
intervals I,, = [r2-7, (r +1)2"], r= =28 —2¢41,..., 2% =1,
D= {D,., n=20,1,2, . } the collection of all finite families D,
=[I,a, r=—2", —2"+1, - -+, 2n—1]. Thus for every set G open in 4, Dy¢
is the subfamily of all (closed) I,, with I,,CG,r= —27, —2°41, - - . 27n—1,
and D¢=[Dne, n=1, 2, - - - ]. Finally, we take §(D,¢, G) =2"*, and k=1,
&(Im)=0if r#—1, 0, ¢(I;n)=—1 if r=—1, ¢(I,») =+1 if r=0. Then, if
0&EG, we have V(G)=2, B(G)=0, V+(G)=V-(G)=1; if 0&G, we have
V=8=V+=V-=0. Thus, B(G) =0, V+(G) = V-(G) for all G and, by (3.1)
pt(M)=p~(M) for all subsets M of A, hence, by (3.2) and (4.1), v(M)
=pt(M)=v=(M)=0 for all subsets M of A, while ut(M)=u~(M)=1 for
every M with 0€ M.

Giver any set BE®, we shall denote by [H] any finite decomposition
[Hl=[H, - -, H.], B=H\UH,J ...\ UH, of B into disjoint sets
H, ---,H,ES.

(4.iv) Under the same hypotheses as (4.iii) and for every set BE B, we have

WB) = Swp T [i)i(ﬂ)]”—s‘xp > [Evf(m]m.

He[H] [H]  meim

Proof. From (3.iii), (3.x) and the definitions, we have

k 1/2 k 1/2
@y T[TZim] s T [Tum] s T um-us.
Helm L ra1 He(d) L r=1 HE(H]

Given ¢>0 let GE® be chosen in such a way that BCG, u(B) = V(G) <u(B)
+¢, and analogous relations hold for u,, r=1, - - -, k. Let u=pu(e, G) >0 be
the number defined as in (1.v), let Dy=[I] be a system of N sets I with
DoeDg, 8(Do, G) <p, and let A=A (¢, Dy, G) be the number defined asin (1.v).
Then we certainly have

“.9 Ve - X lls|l| < &

IeD,

Ve(G) — Z |¢r(I)I <er=1 .-,k

IeDy
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Let G’ =UI° where U ranges over all IED,. Then G'CG, G'E®. Let
w=pu(e, G')>0, W (I)=p(e/N, I), IED,, be numbers defined as in (1.v), let
vV =p(, G)>0,vI)=v' ), I >0, =v(\, G) >0 be numbers defined as
in (ds), and D = [J] be any system with D € D = D4, 8D, A4)
<min [/, v'(I), IED,,v"). Let Dg., Dp, D g be the unions of all JED which
are respectively in G’, I°, G, (IED,). Then we have

8(De, G') < ”,) 8(Dp, I < u'(D), 5(DG’ G) <\,
and thus

V@) - Tleol|<a  |r©) - T le00l|<q

Jec@

(4.10) VY — ,2,. lell | < ¢/N,

v - |¢,<J>||<e/N,
JeI®

I € D,
S| S0l - lowll| <o | o] —|¢,u>||<e.
1eDy) Jer IeD,
We have

u(B) < V(G) +e< oD + 2= 2 [24»(1)] + 2.

I€D, IeDy

If we denote by £.(I) the difference under | | in the sixth relation (4.10),
we have also, by substitution and Minkowski’s inequality,

w(B) < 2 ,f.:{ > e —z,(I)}2]1'2+ 2

IeD, JeI®
ézg. {JZ‘; | &) | + Iz,(I)l}z]mHe
sZ[E{ 5wt 5[ Ee0] =
| {2 1e00l} "+§I§°|am| + 2
gIEDE_;{JZ |¢,(J)|} e+ 2

If we denote by {,(I) the difference under [ ] in the fourth relation
(4.10), we have also, by the same argument,
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k 1/2
W(B) < X [ v — w)}z] + G+ 2

IeD, re=1
k 2 0 1/2
<2 [ DR )] + (2k + 2)e.
IeDy L r=1

We have I°, G'E® and hence, by (3.iv), g (1% =V, (I, and finally

k P 1/2
(.11) WB <Y [ > )] + @k + e,

IeDy L r=1

For every IED, let I’, I"” be the sets I'=I°\B, I''=1°—B, and let
K=G-G', M=KNB=B—-G'=B—-UI'. We have I, I'", K, MES,
I°=rJr’, u(I° =u(I')+u.(I"), and

pUI") = 37 u@") £ (G — B) = u(G) — u(B) <¢
we(UI") = 22 u(I") = (G — B) = u(G) — ur(B) < ¢,
y = l, ceey, k’

where U and D range over all IED,. We have, by (4.11)

k 1/2
w(B) < 2. [ . {m(I") + #r(I”)}’] + 2k + 2)¢,

IeDy L r=

and, by repeating the same reasoning above,
k 1/2
w® < [ Tuar] + @+ 2e
I€EDy L r=1
Finally we have
k 2 1/2 k 2 1/2

@12 w) < [ Zuwn ]+ Zuw ]+ et e

o r= ro=

where the N sets I’ and K form a decomposition of B into N+1 disjoint sets
of B. This proves that

u(B) < Sup X [ :‘:#3(3)]”2-

(H] meHy L r=1

This result together with (4.8) proves the first part of (4.iv).
To prove the second part of (4.iv) let us observe that (4.12) actually
states that there exists a decomposition [H] of B with

k 2 1/2
w(B) < X [Em(ﬂ)] + (3% + 2)e.

He[H] r=1

Let Hr=HA}, H-r=HA;7,r=1, - - - , k, and
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Hiiyooy= EONH; O -+ N H, iy =1,2,
where we take Hit if 4u=1, Hi if 41=2, and analogously for Hf, - - -, Hf.
Thus

H = U H‘l"“k
1,000 ip=l,2

where U ranges over the 2* disjoint sets H;,...;, all in 8. If Y’ denotes any
sum ranging over all these sets, we have

k 1/2
u(B) < X [E { Z',‘,(Hq.....,,)}z] + 3k + 2)¢,

He[H] re=l

> Z'[ituf(H.-l....-,,>]m+<3k+2)e,

He[H] re=1

where now u,(H,,...,) = +v.(H;,...;,). Hence

k 9 1/2
w(B) £ X2 E’[Z»(H.-l...q)] + 3k + 2)¢

He[H) r=l

and, by the same argument above, we prove the second part of (4.iv).

5. Radon-Nikodym derivatives. The measures u;t, u;” and the signed meas-
ures », are absolutely continuous with respect to u., and u,, pt, pr, v, are
absolutely continuous with respect to u, r=1, 2, - - -, k. Indeed, by (3.1),
(3.2), (3.3), we have |V,| =|p;*—p;‘| Sut+pr=u,<u. Hence the Radon-
Nikodym derivatives

v =2 s =, =", sgw=2
W) = r = r (W) = (W) = .
d‘l ’ bt d/.t ’ dy, ’ dﬂ
Vr dut du;
ve(w) = y oyt w) = —  yr(w) = —» =1,k
Hr Moy du,

exist (u)-a.e. and (u,)-a.e. in 4 respectively, are measurable functions in the
measure spaces (4, B, u), (4, B, u,) respectively, and we have —1=6,,v.=1,
0=8,, B+, Br, v+, v7 =1. We shall also denote by 8(w) the vector valued func-
tion 0(w)=(0,, - - -, 0x).

(5.1) Under the hypotheses (a’), (b), (c), (d), (¢'), (H), V(4) <+ o, we
have

B = B+ + g, 6. =8+—6r, Bt = v ey Br = Y7 B (:U')'a-e' n A;

w+ar=1 v=vr—-1, (r)-a.e.in A;

(a)
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BB =0, 6] =|8r—87] = |8++67| =8, (w-veind;
vir =0, |v|=|v-w]=v+rv=1, (ur)-a.e. in A;

(b)

and, either
yvt=1 =0, or vF/=0, vy =1, (uy)-a.e. in A.

Proof. The relations B,=B++87, 0,=BF—B;, (u)-a.e. follow from pu,
=pt+u; (3.i) and v,=pt —u; (definition (3.2)) respectively. The relations
B+ =v#B., B =v: B, (u)-a.e. follow from the chain rule on Radon-Nikodym
derivatives.

The equalities y;it+v;7 =1 and v,=v}—v;, (u.)-a.e., follow from ut+pur-
=u, and v,=p}—pu; again. Thus (a) is proved.

We will derive the equality 887 =0, (u)-a.e., from (4.i) and (4.iii). In-
deed, we have 8; =0, (u)-a.e. on 4;t, and hence 0, =87 — B =6+ =8++6r=8,,
(u)-a.e. on 4;; we have B =0, (u)-a.e. on 47, and hence —0,=8;7—B+=07
=B#+Br =B, (W)-a.e, on A;. Thus |0,| =|8+—Br| =B++Br =B (u)-a.e.
asin 4.

[ The relations yy; =0, I'y,l = |'y;"—'y;'l =v}+v7=1, (u,)-a.e. are proved
similarly. Thus y}=1, y7=0, or v}}=0, v; =1, (u,)-a.e., and (5.i) is proved.

(5.i1) Under the same hypotheses as in (5.1) we have

($.) G4 +u=|o' =8+ - -+m=1, (0)-a.c. in A.

This statement is a consequence of [6, p. 318] and (5.i).

Let D=[I] be any system DED and, for every IED, let us consider the
set I°CI, I'€®, where I° is taken in the topology ®. Let G=UI°, GE®,
where U ranges over all IED. Let n(w), wE A, be the vector function

(5.2) q(w) =v(I)/u(®) if wE I I € D; 2(w) =0if wE 4 — G.

Then n(w)=(n, - - -, 7) and ”n(w)” =1 for all wE 4. Also, n(w) is constant
in each of the disjoint sets I° with €D, and 4 -G, all belonging to B, and
hence 7(w) is u-measurable in 4.

(5.iii) Under the same hypotheses as in (5.1) we have
lim (4)/f]|6(w) — n(w)||%du = 0.
(D) —0

Proof. Given €>0, let p=p(e, A) >0 be defined as in (1.v), and D= [I]
any system DED of N sets I€{I} with §(D, 4) <u. Let A=\(¢, D) be
defined as in (1.v). Let u(I) =p(e/N, I°) be defined as in (1.v) for each IED,
and »(I) =v(u(I), I°) as in (ds). Finally let ' =min[g, \, »(I)] for all IED.
Let D’'=[J]ED be any system with 3(D’, 4) <»'. Then we have
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2

Ie

E¢<J>—¢<z>n<e, Vi) - T flell| <o

JeI® IeD

.3
" V() — 2 () ” < ¢/N, |V<I°> - E, leWll| < &/N

JeI®
for all IED. By I°€®, and (3.iv) we have
2 v — o] = Z}) B°) — (1)
Ie

IeD

(5.4) = 2|81 - X ¢(J)” + 2

IeD Jer® IeD

S N(¢/N) + € = 2e.

> o) - ¢(I>H

Jel®

If Y denotes any sum ranging over all IED, we have
k
) [llo=allan = () [llellran =25 ) [ oma+ ) [l
r=1

k
~ua) =222 @) [omdu+ T [ llan

= u(4) — 2 X /e + X |lv@|2/u@)

= u(4) — 2 |vI0)||2/u0)

= u(4) = Tl + Z [l = [[va)||2/e@)]

= u(4) — 2@l + X @l /e @) — w(19]

< 2[u(4) = X[

< 2[v(a) = sl + 2 X |lle] = [l -
Thus, by (5.3) and (5.4) we have

(4) fuo — ul|%dp < 2¢ + 2-2¢ = 6e

for every DED and 8(D, A) <u. Thereby, (5.iii) is proved. Statement (5.iii)
extends [2, p. 361] and [3, p. 150].

6. The integrals & and 8. In [1] we have considered a set 4, a collection
®& made up of the only set 4, a collection {I } of sets I CA, a collection D of
finite systems D= [I] of sets IE€ {I } satisfying (b), a mesh §(D)=46(D, 4)
satisfying (di) and (dy), a vector function ¢(I)=(¢y, - - -, ¢), IE€ {1},
satisfying (¢) with respect to (D) and D (i.e., quasi additive). If V= V([ ¢| )
=V(4) <+ =, then all functions ¢, ¢, ||¢||, | ¢:|, ¢+, ¢7 are quasi additive.

Let T: p=p(w), wCA, p=(x1, * + -, ¥m), be any mapping from 4 into a
given set K CE,. Then for every I€ {I } let w(I) =0sc (T, I), and, for every
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= [I]€D, let w(D) =max w(I) for all IED. We have supposed in [1] that
6(D) has been chosen in such a way that

(w) w(D) £ §(D) forall D& D.

This is actually a continuity requirement for T in A.

Let p=(x1, - * -, xm) denote any point pEE,, as above, g=(q1, - * -, @)
any point g€ E, and © the unit sphere in Ej, or &= [¢EE,, ||q]|=1]. Let
fp, @, pEKCEn, ¢€E;, be any function of (p, q) defined for all (p, g)
€ K X E;, such that

(f1) f is a bounded and uniformly continuous function of (p, q) in KX&;
(f2) f(p, tQ) =tf(p, @) for all t20, pEK, ¢EEs.

For every IC{I } we may choose arbitrarily a point 7& I and consider the set
function

o) = flp@, 6], 1€ {1}
We have proved in [1]:

(6.i) Under hypotheses @=A, (b), (dv), (d2), (), (), (f) and V(4) <+ =,
the scalar set function ®(I), I€ {I }, satisfies (¢p) (i.e., ® is quasi additive, and
given €>0, the numbers n(e), (¢, Do) of (¢p) can be determined independently of
the choice of T in each set I, IED, DED.

(6.ii) Under the same hypotheses as in (6.i), the following limit exists and
s finite,

=8 T, ¢ = J.f;n Z:f[p<r), o(D)],

where D= [I]1ED, 7 is any point TE1, and § is independent of the choice of T
on each IED.

& is said to be the $-integral of f on the mapping T with respect to the
quasi additive function ¢.

In the present paper, by using hypothesis (a), we could replace 4 in
(6.1) and (6.ii), by any set G of the collection @, and then the integral above
could be thought of as a set function I(G, f, T, ¢), GEG®.

Also, by using hypotheses (a’), (¢') (instead of (a) and (¢)) we may define
I by means of another limit, analogous to the one in (6.1), as it was done in
[3]. Indeed, the following theorem holds:

(6.iii) Under hypotheses (a’), (b), (c), (d), (¢), (H'), V(4) <+ =, (), (),
we have

8¢, T, 4) = lim 2 flo@), v(IO].

#D)—0 repD

Proof. Let M >0 be a number such that u(4)=V(4)sM—1, If(p, 9=
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M—1forall pEK, ¢gE@. Given 0<e=<1, let a=¢/15M, and p, 0 <p <e;/14,
a number such that |f(p, @) —f(p, ¢')| <&, for all pEK, 1—e=Z||q, ||¢]| =1,
||q—q’|| <14p. Let 0 =p%/48k, let u=u(c, 4), 0<u =0, be the number defined
in (1.v), and D=[I]€ED any system with §(D, 4) <u. Let A=\(s, D),
0 <A=<p, be a number defined as in (1.v), and let D' =[J] be any system
with §(D’, 4) <.

For any 1€ D and J € D let a(l), B(J) be the unit vectors a(l)
=o(D)/l6Dl, BN =¢WN/||$(D||. Let 31, 225, 2@, 3 denote as usual
sums ranging over all I€D, all JED’, all JED’ with JCI°, all JED' with
JQ I for any IE€D, respectively, and let _* be any sum ranging over all
JED' with JCI° for some IED and ||8(J) —a(I)|| Zp*. Then, by Lemma
(5.i) of the previous paper [1] (where € is now replaced by p?), we have

2ol <ot Xl < 0%
2 29s|ll80) = a]l? < o7,
2| Z0llell = lls@Il| <ot 2| Z@e() = ¢(| < o7,
1B(4) = Zeo@l <ot [ V() = Zulle@Il] <o,
184) = Zsol| <o V() = ZoslloO] <0t

Since D’ = [J]ED can be taken with mesh 8(D’, 4) arbitrarily small, we
deduce from the fourth and fifth relations (6.1) that

(6.2) 2B — s 02, i | VA =6 =02

For every I let us denote by X *® >0 sums ranging over all JED,
JCI° with ||B(J)_—q(I)|| =p, or “ﬁ(J) —qb(I)“ <p respectively. Let us denote
by D4, Dy’, Dj', Dy’ the subcollections of all IED such that, respectively

| 20 ¢() — BUY| 2 slle),
(6.3) | X le@l] — vy | z sllew)l,
el — vy | z olle@l,
2*@ |lo()|| Z ol|o)]|-
Let D,=D{\UD{'\UD{""\UDy and D,=D —D,. For every I&D; we have
BI) = 2D () +plleD||  with ol < p,
V) = O] + edlle@)]|  with | ps| <o,
v(Io) = |l + psll 6] with | ps| <o,
20 o) = pd|6 )] with | pi| <o,
and, for every JED’, JCI°, IED;, we have
¢(7) = dle)]| + ¥()

(6.1)

(6.4)

with
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SOy = (@ + 2 *D)||6() — ofleW)| ||
< 200 glle)]| + 2 Z*O [le)]|
< p 29[| + 2 Z*@ o]

¢ < oV — el (D] + 206D

< o|¢@)|| (1 — p2 + ps) + 204|6(D)]|

= [l [o(1 — p2 + ps) + 204] < 5ol|6 (D),
and hence

20¥0) = Sedl¢@| with 0 = [lasf| <.
We have also, by (6.3) and (6.2), (6.1),
Z el =™ X (127 60) - 3|

+ | ol = va9 | + | e = va2)| + Z*ols)|l]
< 2% + 20 + p* + 5*] = 6p.

Finally, by combining (6.4) and (6.5), we have, for every I&€D,,

(19 = BUY) = 2O ¢(J) + pil|eD)]|
= a2 O[] + P ¢(J) + pil| (@)
= a[V (%) — pd|6(D)]|] + Spd|6(D)]| + pil|6(D)]|
= |[¢(D)|| [a( + ps — p2) + p1 + Sps],
w(I%) = V(1) = [l$Dl(1 + p3),
v(I) = v(I%)/u(I) = [a(l + ps + p2) + p1 + 5ps](1 + ps)~Y,
lv@) — a@)| = [|( = ap2 + o1 + Sp8)(1 + p2)7Y| < 14p.

Since ||af| =1, 140 < &, we have ||| 21—, and also ||7|| =1 since p is the
total variation of ». Thus for all I&D,; we have

| o), «D] = flp(@), vD]| < e
We have now, since V(I°) =u(I?), B(°) =p(I°, and by force of (fs),

la] = | Ziflp@), 6(D] = 21 flp(0), »(I9]]
= | Ziflp@), el = 2x flp(r), ()@ |
< ,Z | flp(), aD)] = flp(), v(D1| 6Dl

€D,

+ X | flp@, v @) = u@® |

IeD,

+ X | flp@), a6 + X | (), v(D]u(I?).

IeD, IeD,
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By the definition of p we have

|a]l =& Xillo@)] + Mp+ M-6p+ M(6p + p?)
< a[V + p?] + 14Mp < 15Me; = ¢,

for all DED with 6(D, A) <u. Thus A—0 as §(D)—0 and, thereby, (6.iii) is
proved.

(6.iv) Under hypotheses (a'), (b), (c), (d), (¢), (H'), V(4) <=, (w), (f),
the function f[p(w), 0(w) ], wEA, is u-integrable in A.

Proof. Since p(w) €K, ||8(w)|| =1, (1)-a-e. in 4, and fis bounded in K X &,
we conclude that f[p(w), 6(w)] is defined and bounded (u)-a.e. in 4 and,
hence, it is sufficient to prove that the same function is u-measurable in 4.

If D,,n=1,2, - -,isany sequence of systems D,ED with §(D,, 4)—0
as n— o, and we denote by %.(w), wEA, the corresponding sequence of
functions defined in §5, i.e., (@) =[Ma1, - * *, M), Na(w) =v(I°)/u(I° for
every wEI°, IED,, 1.(w) =0 otherwise, we have (4)/| ||0(w) —n,.(w)“’dp—m
as n— », Hence, we have also (4) /] |]0(w) —n,.('w)||dp——>0 as n— o, and finally
7.(w) —0(w) in (u)-measure in A. Finally, there is a subsequence #, of integers
n,— © such that g,,(w)—0(w) as s— o (u)-a.e. in 4. Thus, we may select a
(u)-measurable subset 4* of A and a sequence D,, n=1, 2, - - - | such that
D.ED,8(D., 4) <1/n,n=1,2, - - - ,w(A—A4*)=0,||0(w)|| =1 forall wc A*,
and ,(w)—0(w) as n— » for all wEA*.

For every IED, let us take a point 7,EI° and let p,(w), wE A, be the
mapping defined by p.(w)=p(r,) for all w&I° IE€D,, and p.(w)=p, for
allwe 4 —G’, G'=4 —UI° U ranging over all IED,, where p, is an arbitrary
fixed point of K. Thus p,: A—K, n.: A—>E;, and both p,(w) and 75.(w),
wE A, are (u)-measurable, since they are constant on each of the sets I°'C S,
A —G’'ES. Since f is continuous on K X E; we conclude that f[p.(w), 7.(w)],
wEA, is p-measurablein 4,n=1,2, - - -.

Let wo be any point woE 4 *. Since HO(wo)H =1, 7a(wo)—0(wy), there is an
integer n9=mn,(wp) such that ”n,.(wo) —B(wo)” <1/2, and hence 1/2 §[|n,.('wo)||
=<3/2 and 7.(wo) #0, for all n=n,. As a consequence, wo& I° for some I€D,,
and n,(w0) = p(I)/u(I?), pa(we) = p(rs), T € I°, and ||palwe) — plun)]
<Osc[p(w), I'] Sw(D,) £8(Da, 4) <1/n for all n=n,. By (f), the function f
is uniformly continuous on the set K X&', & = [¢|¢E€Ey, 1/2=]|q|| £3/2],
and, by [pa(w0), n(we) |EK X&', [pa(wd), na(wo) | = [p(w0), (wo) JEK XS,
we conclude that f[p.(wo), 1a(wo) | =f[p(wo), 8(wo) | as n— w0, for all weE A *,
Thus f[p(w), 6(w) ] is u-measurable in A*, and, since u(4 —A4*) =0, this func-
tion is u-measurable in 4. Thereby, (6.iv) is proved.

Under the hypotheses of (6.iv) the function f[p(w), 0(w)], wE A, is de-
fined (u)-a.e. in 4 and is (u)-integrable in 4. Hence, the integral

0= 30,79 = (4) [ flp@), 060
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exists and is finite. Syis said to be the J-integral of the function f on the map-
ping T with respect to the vector valued measure ». We shall prove in (6.v)
that § =S, under the same hypotheses as above, i.e., the integral & defined
in (6.ii) has the representation

(6.6 3G, 7,9 = (4) [ flpte), 66)du.

REMARK. Let us assume that (4, B, ) is any given measure space, where
v=(@n, - - -, ») is a vector valued measure with total variation u and u(4)
< . If ,(w)=dvr,/du denote the Radon-Nikodym derivative of », with
respect to g, and 8(w) = [0y, - - -, 6x], then O(w) is defined (u)-a.e. in 4 and
||0(w)|| =1, (u)-a.e. in A. Also, suppose that f(p, ¢), pEK CE., g€ Ey, is any
function satisfying axiom (f), and p(w), wEA, p(w) EK, a mapping satisfy-
ing solely the hypothesis: f[p(w), 6(w)], wEA, is u-integrable in 4. Under
these assumptions an integral So(f, T, ») exists and is finite. In (6.iv) we have
just proved that these assumptions are verified for the measure function »
defined in §3.

(6.v) Under hypotheses (a'), (b), (c), (d), (¢"), (H), V(4) <, (w), (f)
we have S =S, t.e. (6.6) holds.

Proof. Let M >0 be chosen as in (6.iii) and, given €¢>0, let ¢ and p be
chosen as in (6.iii). By (6.ii), (6.iii), (5.iii), there is A\, 0 <A =p, such that for
any finite system D= [I]ED with §(D, 4) <\ we have

I S(f) T, ¢) — th[?(‘r), ”(Io)] I < e,
() [ llow) = n(@ll*dn < e

Let G=UI°, where U ranges over all IED, let y(I) =v(I°)/u(I°) and 5(w),
wE A, be the function defined, as in (5.2), by #n(w) =vy(I) for w&I® and
7(w) =0in A —G. Also, let $(w), wE& A, be the function defined by p(w) =p(7)
for w€I°, p(w)=p(w) in A —G. Finally, let us observe that, by (w), we have
Osc(T, I) =w(I) Sw(D) £6(D, A) <\ Sp for every IED. Let BCA be the set
of all wE 4 with ||0(w) —q(w)“ <pandlet C=4 —B. Then we have |[0—n|| =p
in C,

p*u(C) = (4) f“l’ — 1]|%du < o,

and finally u(C) <e. Thus we have
|f[f(w)’ 11(‘10)] - f[ﬁ(‘w)’ 0(‘(0)] I < e,
| f[B(w), 6@)] — flp(w), 6)]| < e,

for every wEB. Also we have
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21 flp(@), v(I)] = 220 flp(@), v(D]u(I?) = (4) f fB(w), n(w)]du.
Finally, we have successively

|4

30, T, 6) — (4) f fpG), 6))du
| S, T, ¢) — 21 flp(@), v(19)] |
+ | Ze sl 1] = (4) [ 715), )

IIA

+|® [ 11560, = 1130w, 00 ]} |

+|® [ 115w, 0] — slp(e), 06 s

+|© J 11360, @l + | ©) [ Alpta), o)l

S e+ 0+ eu(B) + ew(B) + 2Mu(C)
< €1 + M€1 + Mel + 2M€1 =< 5M€1 < e

Thus, A—0 as §(D, 4)—0 and, thereby, (6.v) is proved.

List of axioms: (a), p. 117; (a’), p. 124; (b) = (by, by), p. 115; (c), p. 117;
(d)=(d1’ dzv d3)1 p. 1151 (e)’ p- 1201 (g)y p. 123; (¢)=(¢l’ ¢2)’ p- 1157 (‘p):
p- 116; (¢), p. 130; (H) = (H,, H, Hy), p. 119; (H') = (H,, Hy, Hs, Hy), p. 127;
(f) = (fy, f2), p. 140; (w), p. 140; (p), p. 127.

Content. Introduction, p. 114; §1, Quasi additive set functions, p. 115;
§2, Connection with a topology in A, p. 117; §3, A measure u associated to ¢,
p. 124; §4, Jordan decomposition of the signed measures »,, p. 130; §5, Radon-
Nikodym derivatives, p. 137; §6, The integrals & and o, p. 139.
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